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Abstract

We present a comprehensive review of finite element methods (FEM) for solv-
ing fluid–structure interaction (FSI) problems. Our aim is to systematically
categorise and compare these methods based on three key aspects: mesh type,
coupling strategy, and the choice of solved variables. For each method, we high-
light its respective advantages and limitations. In addition, we formulate and
compare the finite element weak forms of the various approaches, employing New-
ton’s method to linearise nonlinear terms at the continuous functional level. We
implement six FSI methods in the open-source software package FreeFEM++, and
compare these methods based on three benchmarks.
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1 Introduction

Numerical methods for Fluid-Structure Interaction (FSI) problems have rapidly devel-
oped over the past decades, with numerous model methods designed to address their
efficiency, stability, and accuracy. Most of these methods share similar features and
formulations; however, there is a lack of a comprehensive summary, review, or com-
parison of these approaches. Existing review articles are either outdated [1] or are
focused on specific method types, such as the immersed boundary method [2, 3] or
the full Eulerian method [4]. There are also review articles that focus on specific
application areas, such as FSI in biology and medicine [5, 6] or sub and supersonic
airflow [7]. Lecture notes [8] cover a range of FSI topics, including classical partitioned
methods [9], space-time FEM methods, adaptive meshing techniques, and monolithic
methods. There are many FSI books concentrating on various approaches: monolithic
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approaches applied in hemodynamics and particulate flow [10]; adaptive methods [11];
space-time FEM approaches applied in diverse fields such as blood flow, parachutes,
and wind turbines [12]; fully Eulerian FSI formulations addressing error estimation,
adaptivity, and optimisation [13]; analysis of inverse FSI problems through shape
analysis [14]; Arbitrary Lagrangian-Eulerian (ALE)-partitioned methods with stabil-
ity analysis and applications in multiphase problems [15]; FSI in low-Reynolds flow
with applications in studying the deformability of biological cells [16]; and two-phase
FSI utilising partitioned, interface-fitted methods [17].

A comprehensive categorisation of existing FSI methods may be based on three
fundamental questions: (1) What kind of mesh is used? This can be one interface-
fitted mesh, one mesh without interface fitting, or two meshes. (2) Which variables are
solved for? This can encompass the fluid velocity v, pressure p, and solid displacement
d; or a single velocity for both fluid and solid by expressing the solid equations in
terms of velocity (methods 4, 8 and 11 in Table 1); only fluid velocity and pressure, in
which case the solid equations are not explicitly solved (methods 3, 7 and 10 in Table
1). (3) What type of coupling strategies are employed? This can be monolithic/fully-
coupled, or partitioned/segregated. As a result, a combination of the answers to these
three questions would lead to distinct types of numerical methods, as summarised in
Table 1, with corresponding literature citations below.

Variables to solve: v for fluid and d for solid v for fluid v for fluid and solid

Coupling strategy: Partitioned Monolithic Partitioned Monolithic

One mesh
(interfaced fitted)

1. Two-way
coupling

2.1 Monolithic
ALE
2.2 Locally
modified FEM

3. One-way coupling 4. One-velocity monolithic

Two meshes
5.1 Modified
IFEM

6.1 FDM/DLM

5.2 CutFEM 6.2 CutFEM
7. IFEM 8. One-velocity FDM

One mesh
(interface unfitted)

× 9.1 Fully Eule-
rian
9.2 CutFEM

10. classical IBM 11. Phase-field

Table 1: Various numerical methods categorised by addressing the three key questions above. ×: This
combination hasn’t been identified in the author’s literature review. ALE: Arbitrary Lagrangian-Eulerian;
IFEM: Immersed Finite Element Method; FDM: Fictitious Domain Method; DLM: Distributed Lagrange
Multiplier; IBM: Immersed Boundary Method.

1. Partitioned/Segregated two-way coupling methods [12, 18–37].
2. (2.1) Monolithic/Fully-coupled ALE methods [38–42].

(2.2) Locally modified finite element method [43–46].
3. One-way coupling FSI methods [47–49].
4. One-velocity Monolithic Eulerian methods [50–53].
5. (5.1) Modified immersed finite element methods [54].

(5.2) CutFEM–based methods [55].
6. (6.1) Fictitious domain methods with distributed Lagrange multiplier [56–71].

(6.2) CutFEM–based methods [72, 73].
7. Immersed finite element methods [1, 54, 62, 74–79].
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8. One-velocity fictitious domain method [80–83].
9. (9.1) Fully Eulerian formulation [84–90].

(9.2) CutFEM–based methods[91].
10. Immersed boundary methods [74, 92–111].
11. Phase-field models for fluid–structure interactions [112–114].

Remark 1. Based on our literature review, certain methods have very limited publica-
tions. Specifically, we found four papers discussing cutFEM-based FSI methods, three
of which originate from a single research group: one of these papers explores the par-
titioned method (Method 5.2), while the other two examine the monolithic approach
(Method 6.2). The remaining cutFEM paper presents a very new variant of cutFEM
(Method 9.2) based on a fully Eulerian formulation. Only one paper covers the modi-
fied IFEM (Method 5.1). Additionally, three papers are dedicated to phase-field-based
approaches (Method 11).

The classical partitioned or segregated methods (Method 1), as referenced in
[12, 18–37], utilise a single interface-fitted mesh to solve for both fluid velocity and
solid displacement. These methods are among the earliest numerical approaches devel-
oped to address FSI problems and are still under development, particularly in terms
of parallelisation [31, 35], efficiency [32, 34], stability, and accuracy [36], as well as
adaptivity [33, 36, 37]. For two-way coupling (or strong coupling) FSI problems, par-
titioned methods iteratively solve for the fluid and solid problems separately. They
exchange information across the fluid-solid interface until a balance of variables is
achieved at the interface. The advantage of classical partitioned methods is their rel-
ative ease of implementation, often based on existing fluid and solid code. However,
their drawback lies in the difficulty of guaranteeing convergence during iteration, espe-
cially when there is rapid energy exchange between the fluid and solid at the interface
[25, 26]. A simplified version of these two-way partitioned methods is the one-way
FSI method (Method 3). In this method, only the fluid problem is solved explicitly,
while the solid deforms passively by following the fluid fields. It provides an updated
boundary condition for the fluid problem in every time frame [47–49].

Monolithic methods were developed to overcome the limitations of partitioned
methods, which solve the fluid and solid equations within a single equation system.
This approach has gained widespread acceptance as a more robust numerical method
compared to classical partitioned methods. Initially, monolithic methods were based on
an ALE interface-fitted mesh (Method 2.1). They solve for fluid velocity, pressure, solid
displacement, and use a Lagrange multiplier to enforce continuity at the fluid-solid
interface [38, 39, 41, 42].

Recent advancements in monolithic methods have introduced the use of a back-
ground Cartesian grid with locally cut triangles to accommodate the fluid-solid
interface, named as the locally modified FEM (Method 2.2) [43–46]. This method
solves for the variables of fluid velocity and pressure, as well as solid displacement
and velocity. In comparison to traditional ALE methods, it circumvents the need for
a moving mesh and is proficient in handling arbitrarily large solid deformations. How-
ever, a drawback lies in its management of the local anisotropic FEM mesh – Edge
stabilisation techniques [115] are introduced to enhance the stability.
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Monolithic methods have also evolved to use two meshes (Method 6.1) [40, 62, 63].
This approach addresses fluid velocity, pressure, and solid displacement while using
a distributed Lagrange multiplier to ensure velocity consistency between the meshes.
Another variation is the cutFEM-based FSI method (Method 6.2) [72, 73], which
extends the solid foreground mesh to envelop a surrounding artificial fluid mesh with
a fitted interface. This method involves cutting through local elements around the
interface for numerical quadrature without modifying local degrees of freedom, unlike
the locally modified method (Method 2.2). However, stability issues arise due to pos-
sible irregularities in local meshes, leading to the adoption of Nitsche-type interface
coupling strategies with ghost penalty terms [116] to guarantee stability. The initial
version of this cutFEM-based approach was presented in [55] as a partitioned approach
(Method 5.2). A new version of the cutFEM-based FSI method (Method 9.2) is pre-
sented in [91], which uses a fully-Eulerian formulation on one mesh without interface
fitting, solving for fluid pressure and velocity, solid displacement and velocity.

Alternatively, monolithic methods have been adapted to employ a single mesh with-
out interface fitting (Method 9.1), known as the fully Eulerian formulation [84–90].
These methods use an Initial Points (IP) set to capture the fluid-structure inter-
face, extending the unknown variables across the entire domain with a characteristic
function. The FSI system is solved in a monolithic manner.

Recently, we developed a one-velocity method that solves for a single velocity
field across the entire FSI domain, using either a single interface-fitted mesh (Method
4) [50–53] or two meshes (Method 8) [80–83]. In this one-velocity method, the solid
equations are first expressed in terms of velocity, automatically ensuring velocity con-
sistency at the fluid-solid interface with one interface-fitted mesh. When using two
meshes, finite element isoparametric interpolation is employed to maintain velocity
consistency [53, 80]. This interpolation is applied on both sides of the equations, which
leads to a modification of both the matrix and the right-hand-side vector of the final
discretised system derived from the background fluid problem.

The immersed boundary method (Method 10) [74, 92–94, 96, 98, 100–106, 117]
was originally designed to address complex geometric configurations without encoun-
tering the challenges of interface-fitted meshes. It effectively solves a fluid equation
on a static background mesh using finite difference, finite element methods, or, more
recently, the Lattice Boltzmann method. This involves incorporating a singular bound-
ary forcing term at the right-hand side of the fluid equation to model the influence
of an elastic or rigid solid. The force is typically evaluated based on the curvature of
the solid boundary, which is then distributed to the background mesh using smooth
bell-shaped functions to alleviate singularity. The classical IBM started as an explicit
partitioned method and gradually evolved to include implicit schemes [118, 119] as
well as monolithic schemes [117, 120, 121]. IBM has also been extended to immersed
interfaces to consider sharp interfaces [105, 122–131], level-set IBM [107–111], finite
element IBM [95, 97], and isogeometric IBM [132–134]. Additionally, there is the
immersed boundary-Lattice Boltzmann method [119, 135–143].

The immersed finite element methods (Method 7) [1, 54, 62, 75–79, 144–147] were
developed from the IBM to enable the modeling of various properties of a volumet-
ric solid. They share the same concept of modeling the solid as a forcing term while
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effectively solving a fluid equation. Instead of evaluating the force from the fluid bound-
ary, as IBMs do, IFEMs calculate the force from a separate solid mesh. The classical
IFEMs are explicit, meaning the solid force is computed based on the previous solid
state of the FSI system. There is also a modified IFEM (Method 5.1) [54] that solves
the solid equations and provides feedback in a loop. However, accurately prescribing
a boundary condition for the solid problem is challenging.

The phase-field models were originally developed to address the free boundary
between two-phase flows [148, 149], introducing a phase variable to smear out param-
eter jumps across the interface between two fluids. Effectively, a smooth interface is
created between the two phases through the use of this phase variable. When applying
this concept to FSI problems (Method 11), the phase variable not only needs to smear
out parameter jumps, such as densities of the fluid and solid, but also needs to smear
out the constitutive equations. The related publications are limited; in [112, 113], the
Cauchy stress tensor of the solid is expressed in terms of velocity, combined with the
fluid viscous stress tensor by the phase variable.
Remark 2. For all two-mesh methods, it is reasonable to assume that both the fluid
and solid are either incompressible or compressible to ensure the consistency of velocity
on meshes. For example, if the fluid velocity is divergence-free, the velocity interpolated
from the fluid to the solid mesh must also be divergence-free.
Remark 3. Monolithic methods traditionally use Lagrange multipliers to enforce the
consistency of variables at the fluid-solid interface. When applying monolithic methods
to two meshes, it becomes natural to use a distribution Lagrange multiplier to ensure
the consistency between the two meshes when solving for both velocity and displacement
[63]. However, interpolation becomes a natural choice when solving for only a single
velocity field [80].

The paper is structured as follows: Section 2 introduces the fundamental partial
differential equations (PDEs) governing the FSI problems, along with a presentation
of two hyperelastic solid models. Subsequently, a comprehensive overview of numerical
methods, categorised in Table 1, is provided, encompassing interface-fitted methods
(Section 3), two-mesh methods (Section 4), and interface-unfitted methods (Section 5).
Three numerical examples are presented in Section 6 to compare six FSI methods.
Applications are discussed in Section 7, with conclusions drawn in Section 8.

2 Governing partial differential equations

We consider a general fluid-structure interaction problem, where the fluid occupies
the domain Ωf

t ⊂ Rd, and the solid occupies the domain Ωs
t ⊂ Rd, as shown in

Figure 1 at time t, with d = 2, 3 being the dimension. Here, superscripts f and s
denote the fluid and solid respectively, while the subscript t indicates domain is time-
dependent. The fixed domain Ω = Ωf

t ∪Ωs
t comprises both the fluid and solid regions,

having an outer boundary ∂Ω = ΓD ∪ ΓN , where Dirichlet and Neumann boundary
conditions are imposed on ΓD and ΓN respectively. The boundary Γt = ∂Ωf

t ∩ ∂Ωs
t

represents the moving interface between the fluid and solid. In consideration of large
solid deformations in this paper, we denote the reference (material) coordinates of the
solid as X and the current coordinates as x.
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Fig. 1: Schematic diagram of FSI, where Ω = Ωf
t ∪ Ωs

t and ∂Ω = ΓD ∪ ΓN .

By introducing an indicator function 1ω(x) = 1 if x ∈ ω and 1ω(x) = 0 otherwise,
we express ρ = ρf1Ωf

t
+ρs1Ωs

t
, u = uf1Ωf

t
+us1Ωs

t
, and σ = σf1Ωf

t
+σs1Ωs

t
, represent-

ing the density, velocity vector, and Cauchy stress tensor, respectively. Additionally,
let g denotes the acceleration due to gravity, the conservation of momentum takes the
same form for both the fluid and solid, differing only in the specific expression of the
constitutive equations:

ρDtu = ∇ · σ + ρg, (1)

where Dt(·) represents the total derivative. In our paper, we consider two solid mod-
els: incompressible and compressible. (i) for an incompressible solid, the following
continuity equation is satisfied for both the fluid and solid velocity:

∇ · u = 0 in Ω. (2)

(ii) For a compressible solid model, the continuity equation is only required in the
fluid domain:

∇ · uf = 0 in Ωf
t . (3)

The constitutive equation for a Newtonian fluid is described as follows:

σf = µfDuf − pfI, (4)

where operator D(·) = ∇(·)+∇⊤(·). Here, µf is the dynamic viscosity of the fluid, and
pf is the fluid pressure. Before introducing the constitutive equations for the solid in
the subsequent sections, we complement the FSI system with the following boundary
and initial conditions.

Interface boundary conditions:

uf = us on Γt, (5)

σf · ns = σs · ns on Γt. (6)

Dirichlet and Neumann boundary conditions for the fluid:

uf = ū on ΓD, (7)
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σf · n = h̄ on ΓN . (8)

Finally, the initial conditions:

uf
∣∣
t=0

= uf
0 in Ωf

0 , (9)

us|t=0 = us
0 in Ωs

0. (10)

.
Remark 4. Classically, the displacement vector d is used to describe the solid’s
motion instead of the velocity vector us. In this paper, both of them are used depending
on the numerical method. The relation between d and us is generally expressed as:

us = Dtd = ∂td+ ((us −w) · ∇)d, (11)

where w is the velocity of the moving frame used to describe the solid. For the
Lagrangian frame, w = us, thus Dtd = ∂td, as adopted in Sections 3.1 (Method 1)
and 3.2 (Method 2.1), and in all the two-mesh methods in Section 4, where the
solid is moved by the its own velocity. For the Eulerian frame, w = 0, and there-
fore Dtd = ∂td + (us · ∇)d, as adopted in the methods using one mesh without
interface fitting in Section 5. The solid is moved by an arbitrary velocity w in the one-
velocity monolithic method in Section 3.3. Note that the total derivative of velocity in
equation (1) is generally expressed as:

Dtu = ∂tu+ ((u−w) · ∇)u. (12)

2.1 Compressible Saint-Venant-Kirchhoff solid model

The energy function for the Venant-Kirchhoff solid model is expressed as follows [150,
151]:

Ψ(F) = µstr(E2) +
λs

2
tr2(E), (13)

with µs and λs being the Lamé constants, and

E =
1

2

(
F⊤F− I

)
(14)

represents the Lagrangian Green strain, where F = ∇Xd+ I denotes the deformation
tensor and I the identity tensor. Therefore, E can also be expressed as a function of
the displacement:

E(d) =
1

2

(
DXd+∇⊤

Xd∇Xd
)
, (15)

where operator DX(·) = ∇⊤
X(·)+∇X(·) acting on the reference configuration, as com-

pared to D(·), which operates on the current configuration. The first Piola-Kirchhoff
stress tensor can then be expressed as [81]:
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P = ∂FΨ(F) = F (2µsE+ λstr (E) I) . (16)

Notice that
S = 2µsE+ λstr (E) I (17)

is the second Piola-Kirchhoff stress. The relationships between the first Piola-Kirchhoff
stress P, the second Piola-Kirchhoff stress S, and the Cauchy stress σ are as follows:
P = FS, σs = J−1FSF⊤, where J = det(F) denotes the determinant of F [12].

2.2 Incompressible neo-Hookean solid model

Starting from the energy function [59, 152]:

Ψ (F) =
µs

2

(
tr(FF⊤)− d

)
− µs ln(J) +

λs

2
ln2(J), (18)

for a general compressible neo-Hookean solid model, with d = 2, 3 being the dimension,
we obtain [81]:

σs = J−1∂FΨ(F)F⊤ = µsJ−1
(
FF⊤ − I

)
+ J−1λs ln(J)I. (19)

For the incompressible case, J−1λs ln(J) is replaced by a pressure term −ps and
use J = 1 or ∇ · us = 0 (equivalent based on Jacobi’s formula [153]) to determine ps

[57]. Therefore, the constitutive equation for an incompressible neo-Hookean model
can be expressed as the sum of the deviatoric part τ s and the pressure:

σs = τ s − psI = µsJ−1
(
FF⊤ − I

)
− psI. (20)

Drawing upon the governing partial differential equations and the aforementioned
two solid models, existing numerical methods for FSI problems are presented within
the finite element method framework in subsequent sections. We concentrate on the
finite element weak formulation, linearisation, and the solution algorithm, rather than
delving into specifics of finite element discretisation and techniques for solving the
ultimate linear algebraic system. These procedures constitute standard finite element
methodologies readily available in literature. However, we shall briefly touch upon
time discretisation to facilitate discussions about the solution algorithm and to outline
the final linear equation systems. This involves discretising the time domain [0, T ] into

intervals: [0, T ] =
N−1⋃
n=0

[tn, tn+1] with t0 = 0, tN = T and time step ∆t = tn+1 − tn

(tn = n∆t).

3 Methods using one interface-fitted mesh

For interface-fitted methods, the fluid and solid share discretised interface mesh points.
Both the velocity variable from the fluid side and the displacement (or velocity)
variable from the solid side are defined on these points, as depicted in Figure 2.
Whether solving the FSI problem sequentially (as in Section 3.1) or simultaneously
(as in Sections 3.2 and 3.3), the primary concern is ensuring alignment between these
variables from both sides.
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Fig. 2: Schematic diagram of an interface-fitted mesh, where Ω = Ωf
t ∪ Ωs

t and

∂Ω = ΓD ∪ ΓN . Solving for the fluid velocity uf in Ωf
t and the solid displacement d in Ωs

t .

For a large deformation problem, as considered in this paper, it is necessary to
perform remeshing and/or use a moving mesh strategy to ensure the mesh is interface-
fitted at every time step. When remeshing, the interface nodes are fixed. When moving
the mesh, we adopt two strategies depending on the underlying method. The first
strategy is to move all the solid nodes using their own velocity (no convection term
in the solid domain; see Remark 4) and to solve the mesh equation (22) only in the
fluid domain (with the interface being moved by its own velocity, corresponding to
boundary condition (24)) to obtain the mesh velocity field for the fluid. The second
strategy is to solve the mesh equation (22) in the whole domain (with the interface
being moved by its own velocity, corresponding to boundary condition (59)) to obtain
the mesh velocity for both the fluid and the solid. In this second case, a convection term
appears in the solid equation, as noted in Remark 4. In this section, we will employ
an ALE mesh to demonstrate the methodology. In this scenario, the fluid momentum
equation (1) (in Ωf

t ) can be expressed as:

ρf∂tu
f + ρf

((
uf −w

)
· ∇
)
uf = ∇ · σf + ρfg. (21)

We solve the following linear elastic equation within Ωf
t at each time step to calculate

w.
∇ · (µmDw − λm (∇ ·w) I) = 0, (22)

where µm and λm represent the Lamé constants selected based on the solid parameters
(although alternative values could be chosen). The boundary conditions are established
as follows.

w · n = 0 on ∂Ωf
t , (23)

and
w = ∆d/∆t on Γt, (24)

where ∆d = dn+1 − dn represents the solid displacement at the current step from
time tn to tn+1.
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3.1 Two-way partitioned/segregated methods (Method 1)

In classical partitioned or segregated methods in the literature, the solid displacement
(rather than solid velocity) is typically the solved dependent variable. Consequently,
it becomes convenient to express the solid momentum equation (1) in terms of
displacement within Ωs

t as:

ρs∂ttd = ∇ · σs + ρsg. (25)

Partitioned methods solve the fluid equation (21), mesh equation (22), and the
solid equation (25) sequentially, as described in Algorithm 1. Boundary conditions
on Γt can be considered in two ways: one approach involves solving the fluid equation
(21) using the Dirichlet boundary condition uf = us, then computing the reaction
force hf on Γt after solving (21). This is followed by using the Neumann boundary
condition σs · ns = hf to solve the solid equation (25). Alternatively, the process can
be reversed: starting by solving the solid equation (25) with the Dirichlet boundary
condition d = uf∆t + dn, then computing the reaction force hs on Γt after solving
(25). This is followed by using the Neumann boundary condition σf ·ns = hs to solve
the fluid equation (21). For illustration purposes, Algorithm 1 adopts the former
approach.

Utilising the finite element method, the weak form of the fluid equations (21) and
(3) can be expressed as follows given test functions δu and δp:

∫
Ωf

t

ρf∂tu
f · δu+

∫
Ωf

t

ρf
((
uf −w

)
· ∇
)
uf · δu

=

∫
∂Ωf

t

(
σf · n

)
· δu−

∫
Ωf

t

σf : ∇δu+

∫
Ωf

t

ρfg · δu,
(26)

and ∫
Ωf

t

δp∇u = 0. (27)

In equation (26), the fluid boundary comprises three parts, ∂Ωf
t = ΓN ∪ ΓD ∪ Γt.

When solving the fluid problem using the Dirichlet boundary condition at the interface
Γt, as adopted in Algorithm 1, the boundary integral in (26) becomes:∫

∂Ωf
t

(
σf · n

)
· δu =

∫
ΓN

h̄ · δu . (28)

By solving the aforementioned equation with Dirichlet boundary conditions (5)
and (7) to obtain uf , the reaction force hf = σf · ns

∣∣
∂Ωf

t
is then obtained as a

post-processing step:
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∫
∂Ωf

t

hf · δu =

∫
∂Ωf

t

(
σf · ns

)
· δu

=

∫
Ωf

t

ρf∂tu
f · δu+

∫
Ωf

t

ρf
((
uf −w

)
· ∇
)
uf · δu

+

∫
Ωf

t

σf : ∇δu−
∫
Ωf

t

ρfg · δu,

(29)

which is a rearrangement of equation (26). Notice that the Dirichlet boundary
conditions should be omitted when computing the reaction force using (29).

Algorithm 1 Partitioned/Segregated methods

Given the solid displacement dn and the fluid velocity uf
n at time tn, the following

iterative process computes dn+1 and uf
n+1 at time tn+1:

1. Initiate with a reasonable estimate of ∆d (such as 0) on the interface Γt. Solve
the mesh equation (22) with boundary conditions (23) and (24) to determine
the mesh velocity w.

2. Solve the fluid equations (26) and (27) with boundary conditions (5) (us|Γt
=

w|Γt
), (7), and (8).

3. Compute the reaction force hf on Γt using equation (29).
4. Solve the solid equation (25), corresponding weak form (31) or the linearised

weak form (44)) with Neumann boundary condition σ · ns = hf on Γt and
Dirichlet boundary condition d = ū∆t+ dn on ΓD ∩ Ωs

t .
5. Let ∆dt = d−dn. If ∥∆dt −∆d∥Γt ≥ tol, then let ∆d = (1− ω)∆d+ω∆dt

and proceed to Step 2 for the next iteration cycle. Here, tol represents a
tolerance and ω is a relaxation factor.

Let’s bypass the detailed explanation of solving the fluid equations (Step 2 inAlgo-
rithm 1) and concentrate on solving the solid equation (25) (step 4 in Algorithm 1).
This is because the former can be found in standard literature (refer to the list of bib-
liographies after Table 1). However, the methodologies for solving the latter problem
introduced here are not widely available. We refer to [12, 154, 155] and bring some
components together in the following context. Let us take the Saint Venant-Kirchhoff
solid model as an example, and consider a method of linearisation in order to solve
the solid equation (25).

Given a test function δd = δd (x) = δd (x(X)), the weak form of the solid equation
(25) can be expressed as:∫

Ωs
t

ρs∂ttd · δd+

∫
Ωs

t

σs : ∇δd =

∫
Γt

(σs · ns) · δd+

∫
Ωs

t

ρsg · δd, (30)

or (with ρs0 = Jρs denoting the solid’s initial density):
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∫
Ωs

0

ρs0∂ttd · δd+

∫
Ωs

t

σs : ∇δd =

∫
Γt

(σs · ns) · δd+

∫
Ωs

0

ρs0g · δd. (31)

We rewrite the integral of the Cauchy stress tensor in the current configuration in
(31) as an integral of the second Piola-Kirchhoff stress in the reference configuration:∫

Ωs
t

σs : ∇δd =

∫
Ωs

t

J−1FSF⊤ : ∇δd =

∫
Ωs

0

S : F⊤∇Xδd. (32)

The symmetry of the second Piola-Kirchhoff stress S leads to:

S : F⊤ (∇Xδd) = S⊤ : F⊤ (∇Xδd) = S :
(
∇⊤

Xδd
)
F, (33)

which further yields:

S : F⊤ (∇Xδd) =
1

2
S :
[
F⊤ (∇Xδd) +

(
∇⊤

Xδd
)
F
]
= S : δE, (34)

where E is the Lagrangian Green strain tensor defined in (14), and

δE =
1

2

[
F⊤ (∇Xδd) +

(
∇⊤

Xδd
)
F
]
. (35)

Finally, combining equations (32), (34) and (35), we obtain:∫
Ωs

t

σs : ∇δd =

∫
Ωs

0

S : δE. (36)

Remark 5. The notations δu, δd, or δE can be interpreted in three ways: as a test
function within a finite element space, as an infinitesimal virtual velocity (displacement
or strain), or as a variation operator defined in A.
Remark 6. If δE is interpreted as a virtual strain. Consequently,

∫
Ωs

0
S : δE represents

the work done by the second Piola-Kirchhoff stress S on the virtual strain δE. Equation
(31) can therefore be interpreted as a work balance. Moreover, δE can be viewed as the
variation of the Lagrangian Green strain E based on the Gateaux variation (see A).

Let us now deduce the variation of the Lagrangian Green strain E and linearise
expression (36). Taking the variation of E based on (14) gives:

δE(d; δd) =
1

2

(
F⊤δF+ δF⊤F

)
=

1

2

[
F⊤ (∇Xδd) +

(
∇⊤

Xδd
)
F
]
, (37)

which explains that (35) is not just a notation (see Remark 6). This can be equivalently
expressed, based on (15), as:

δE(d; δd) =
1

2

(
DXδd+∇⊤

Xd∇Xδd+∇⊤
Xδd∇Xd

)
. (38)

12



The second order variation of E, along a direction h, is:

δ2E(d; δd,h) = ∂ϵδE(d+ ϵh; δd)|ϵ=0

=
1

2

(
∇⊤

Xh∇Xδd+∇⊤
Xδd∇Xh

)
.

(39)

We are now ready to linearise term (36). Let F(d) = S : δE = S◦E(d) : δE(d; δd),
the first order Taylor expression of F(d) at a reference point d̃ gives

F(d) ≈ F(d̃) + δF(d̃;h), h = d− d̃. (40)

The first term in (40) can be expressed as:

F(d̃) = S ◦E(d̃) : δE(d̃; δd), (41)

and the second term in (40) can be expressed as:

δF(d̃;h) = S ◦ δE(d̃;h) : δE(d̃; δd) + S ◦E(d̃) : δ2E(d̃; δd,h). (42)

Combing equations (41) and (42), together with h = d− d̃, yields

F(d) ≈ S ◦ δE(d̃;d− d̃) : δE(d̃; δd) + S ◦E(d̃) :
[
δE(d̃; δd) + δ2E(d̃; δd,d− d̃)

]
= S ◦ δE(d̃;d− d̃) : δE(d̃; δd) + S ◦E(d̃) : δE(d; δd)

= S ◦ δE(d̃;d) : δE(d̃; δd) + S ◦E(d̃) : δE(d; δd)− S ◦ δE(d̃; d̃) : δE(d̃; δd).

(43)

In the above, δE(d̃; δd) + δ2E(d̃; δd,d− d̃) = δE(d; δd) may be validated using (38)
and (39). Alternatively, since δE(d; δd) is linear in terms of d, this can also be justified
by Taylor expansion. Finally, the linearised (31) becomes:∫

Ωs
0

ρs0∂ttd · δd+

∫
Ωs

0

S ◦ δE(d̃;d) : δE(d̃; δd) + S ◦E(d̃) : δE(d; δd)

=

∫
Ωs

0

S ◦ δE(d̃; d̃) : δE(d̃; δd) +

∫
Γt

(σs · ns) · δd+

∫
Ωs

0

ρs0g · δd.
(44)

It can be seen from Algorithm 1 that the partitioned methods have to iterate at
every time step until the velocity on the interface Γt does not change. The convergence
is problem dependent and cannot be guaranteed even if relaxation is adopted, espe-
cially in the case where the solid and fluid have a large energy exchange, for example,
when the solid and fluid have similar inertia.

3.2 Monolithic ALE methods (Method 2.1)

The monolithic methods are considered more robust, addressing the weaknesses
inherent in the partitioned methods. However, this approach shifts the challenge to
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solving the discretised linear equation system. The monolithic methods solve the fluid
equations (21) and (3) in Ωf

t , the solid equation (25) in Ωs
t and the mesh equation

(22) in Ωf
t , together with the consistency equation on Γt:

∂td = uf . (45)

We use a Lagrange multiplier L to enforce this condition on Γt, and express the
weak form of these equations with corresponding boundary conditions which are the
same as discussed in Section 3.1. The unknown variables include fluid velocity uf and
pressure p, solid displacement d, Lagrange multiplier L and mesh velocity w, with the
corresponding test functions being denoted by δu, δp, δd, δL and δw, respectively.
Then the weak form of the solid equation (25) is almost the same as (44), but replacing
the stress σs · ns on Γt by a Lagrange multiplier L, which could be expressed as∫

Ωs
0

ρs0∂ttd · δd+

∫
Ωs

0

S ◦ δE(d̃;d) : δE(d̃; δd) + S ◦E(d̃) : δE(d; δd)

−
∫
Γt

L · δd =

∫
Ωs

0

S ◦ δE(d̃; d̃) : δE(d̃; δd) +

∫
Ωs

0

ρs0g · δd.
(46)

The weak form of the fluid equations (26) and (27), using the constitutive equation (4)
and considering the Lagrange multiplier L on Γt (replacing the stress σf ·ns = σs · ns

on Γt by a Lagrange multiplier L based on the interface boundary condition (6)), can
be expressed as: ∫

Ωf
t

ρf∂tu
f∂t · δu+

∫
Ωf

t

ρf
((
uf −w

)
· ∇
)
uf · δu

+

∫
Ωf

t

µfDuf : ∇δu−
∫
Ωf

t

p∇ · δu+

∫
Γt

L · δu

=

∫
ΓN

h̄ · δu+

∫
Ωf

t

ρfg · δu,

(47)

and

−
∫
Ωf

t

δp∇ · uf = 0. (48)

The weak form of the consistency equation (45) can be expressed as∫
Γt

(
∂td− uf

)
· δL = 0. (49)

Finally, the weak form of the mesh equation (22) may be expressed as follows.

µm

2

∫
Ωf

t

Dw : Dδw − λm

∫
Ωf

t

(∇ ·w) (∇ · δw) dx = 0. (50)
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We use the Characteristic–Galerkin method [156] to discretise the total derivative
of the fluid velocity:

∂tu
f +

((
uf −w

)
· ∇
)
uf ≈

uf
n+1 − uf

n ◦ Yn

∆t
, (51)

where Yn(x) = x−w∆t and uf
n ◦ Yn(x) = un(x−w∆t).

We discretise the time derivatives of the solid as follows:

us
n+1 = ∂tdn+1 ≈ dn+1 − dn

∆t
, (52)

and

∂ttdn+1 ≈ dn+1 − 2dn + dn−1

∆t2
. (53)

For simplicity, we omit the subscript n+1 for un+1 and dn+1. Let Ω
f
n+1 and Γn+1

denote the fluid domain and the fluid–solid interface, respectively, at time tn+1. The
monolithic weak form is obtained by substituting the time discretisations in (51), (52),
and (53) into (47), (49), and (46), respectively.

∫
Ωf

n+1

ρf
uf − uf

n ◦ Yn

∆t
· δu+

1

2

∫
Ωf

n+1

µfDuf : Dδu

−
∫
Ωf

n+1

p∇ · δu−
∫
Ωf

n+1

δp∇ · uf

+

∫
Ωs

0

ρs0
d− 2dn + dn−1

∆t2
· δd
∆t

+
1

∆t

∫
Ωs

0

S ◦ δE(d̃;d) : δE(d̃; δd) + S ◦E(d̃) : δE(d; δd)

−
∫
Γn+1

L ·
(
δd

∆t
− δu

)
−
∫
Γn+1

(
d− dn

∆t
− uf

)
· δL

+
µm

2

∫
Ωf

n+1

Dw : Dδw − λm

∫
Ωf

n+1

(∇ ·w) (∇ · δw)

=

∫
ΓN

h̄ · δu+

∫
Ωf

t

ρfg · δu+

∫
Ωs

0

ρs0g · δd
∆t

+
1

∆t

∫
Ωs

0

S ◦ δE(d̃; d̃) : δE(d̃; δd),

(54)

with initial conditions (9) and (10), boundary conditions (7) and (8) for the fluid
velocity uf , and boundary conditions (23) and (24) for the mesh velocity w. It’s
important to note that we divide by ∆t on both sides of equation (46) before summing
up in order to produce the symmetric linear system below. Equation (54) yields the
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following linear algebraic system after spatial discretisation:

F11 F12 B1 0 0 0 0
F⊤

12 F22 B2 0 0 C1 0
B⊤

1 B⊤
2 0 0 0 0 0

0 0 0 S11 S12 0 0
0 0 0 S⊤

12 S22 C2 Cm

0 C⊤
1 0 0 C⊤

2 0 0
0 0 0 0 C⊤

m 0 K





uin

uon

p
din

don

L
w


=



f1
f2
0
g1

g2

0
0


. (55)

In the above,

(
uin

uon

)
=u, with uon being the velocity components on boundary Γt,

and uin being the velocity components in Ω
f

t \Γt. Similarly

(
din

don

)
=d, where don are

the displacement components on boundary Γt, and din the displacement components

in Ω
s

t \ Γt. Matrices

[
F11 F12

F⊤
12 F22

]
and

[
S11 S12

S⊤
12 S22

]
are discretisations of the fluid velocity

integrals and the solid displacement integrals, respectively (including mass matrices

and stiffness matrices). Matrix

(
B1

B2

)
indicates the coupling between fluid velocity

and pressure. Matrix C1 represents the coupling between fluid velocity uon and the
Lagrange multiplier L, while C2 denotes the coupling between solid displacement don

and the Lagrange multiplier L. Matrix K arises from the discretisation of the mesh
equation, and matrix Cm indicates the coupling between the mesh velocity w and
solid displacement don due to boundary condition (24).

As mentioned at the beginning of this section, the major advantage of the mono-
lithic approach is its general stability and robustness owing to the fully-coupled system.
However, this also presents a disadvantage: solving the large linear system (55) requires
a very powerful linear algebraic solver.
Remark 7. Throughout this paper, we use the Characteristic–Galerkin method for
time discretisation. One reason is that it facilitates the presentation, as the convection
term is naturally absorbed into the time discretisation. Another reason is its convenient
implementation in FreeFEM++ that we use. However, other time discretisation schemes
may also be adopted, such as the backward Euler method for the partial time derivative,
combined with either a splitting strategy or a Newton method to treat the convection
term.

3.3 One-velocity monolithic method (Method 4)

The monolithic Eulerian method [50–53] reduces the size of the linear system (55) by

solving for only one velocity field across the entire fluid-structure domain Ωf
t ∪ Ωs

t .
However, it still maintains much of its robustness due to the system remaining fully-
coupled and being solved simultaneously. The use of the Lagrange multiplier becomes
unnecessary with this method because there is only one velocity variable defined on
the fluid-solid interface, as depicted in Figure 3.
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Fig. 3: Schematic diagram illustrating an interface-fitted mesh, where Ω = Ωf
t ∪ Ωs

t , and
∂Ω = ΓD ∪ ΓN . Solving for a single velocity u within Ω.

References [50–52] employ a remeshing technique to maintain a mesh fitted on
the fluid-structure interface. Here, we adopt an ALE mesh as adopted in [53]. We
assume both the fluid and solid are incompressible, as established in these references, to
introduce the one-velocity monolithic formulation. By utilising the same test function
δu for both fluid and solid equations, the weak form of the momentum equation (1)
and continuity equation (2) can be expressed as:∫

Ω

ρDtu · δu+
µf

2

∫
Ωf

t

Du : Dδu−
∫
Ω

p∇ · δu−
∫
Ω

δp∇ · u

+

∫
Ωs

t

τ s : ∇δu =

∫
ΓN

h̄ · δu+

∫
Ω

ρg · δu,
(56)

where τ s is implicitly viewed as a function of u and t, that is, τ s(u, t). Using the
Characteristic-Galerkin method as previously employed in (51), we once again apply
it to discretise the total time derivative in (56). Consequently, we obtain:∫

Ω

ρ
u− un ◦ Yn

∆t
· δu+

µf

2

∫
Ωf

n+1

Du : Dδu−
∫
Ω

p∇ · δu−
∫
Ω

δp∇ · u

+

∫
Ωs

n+1

τ s : ∇δu =

∫
ΓN

h̄ · δu+

∫
Ω

ρg · δu,
(57)

with the fluid boundary conditions (7) and (8).
The above equation is coupled with the mesh equation (22), which is solved over

the whole domain:

µm

2

∫
Ω

Dw : Dδw − λm

∫
Ω

(∇ ·w) (∇ · δw) dx = 0, (58)

together with its boundary conditions (23) and

w = u on Γt. (59)
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Notice that it is also possible to solve the mesh equation only in the fluid domain Ωf
t ,

as adopted in the previous two sections for Method 1 and Method 2.1, and to move
the solid mesh using its own velocity. By doing so, the convection term in the solid
domain in (57) must be omitted. However, because of the one-velocity feature, it is
more convenient to solve the mesh equation over the entire domain Ω for this method.
See the implementation in Section 6.

To implement (57), it is necessary to express τ s as velocity. This can be accom-
plished using the following three different approaches based on the variable being
updated after time discretisation.

F-scheme: utilising the constitutive relation (20), the stress integral in (57) can be
expressed as: ∫

Ωs
n+1

τ s : ∇δu = µs

∫
ΩX

F : ∇Xδu− µs

∫
Ωs

n+1

J−1∇ · δu. (60)

Since ∂tF = ∇Xu, F can be updated as: Fn+1 = Fn +∆tun+1.
τ -scheme: as introduced in [80], this scheme represents a higher-order discretisation

in time:

τ s
n+1 = τ s

n + µs∆t (Dnu+∇nuτ
s
n + τ s

n∇nu)

+ ∆t2
(
∇nu∇⊤

nu+∇nuτ
s
n∇nu

)
.

(61)

In the above, the operators ∇n and Dn act on the previous configuration xn. Again,
we have omitted the superscript n+ 1 for un+1, indicating the current time step.

d-scheme: the deviatoric stress, in 2D as presented in [51], can be expressed as:

τ s = µs
(
Dd−∇d∇⊤d

)
, (62)

and in 3D as in [52]:

τ s = µs
(
Dd−∇d∇⊤d

)2
+ c(x, t)

(
Dd−∇d∇⊤d

)
, (63)

where c(x, t) is a parameter dependent on the configuration (for further details, refer
to [52]). The displacement can be updated as dn+1 = dn +∆tun+1.

These three schemes each come with their own advantages and disadvantages: both
the F-scheme and τ -scheme share the same formulations in both 2D and 3D. The
former is formulated in the reference configuration, while the latter is in the current
configuration. The F-scheme is linear and straightforward to implement, whereas the
τ -scheme facilitates remeshing if needed due to its formulation in the current configu-
ration. The advantage of the d-scheme lies in updating a smaller tensor (a vector), in
comparison to the other two schemes that update a larger tensor. However, a signifi-
cant drawback of the d-scheme is its different formulations in 2D and 3D. Specifically,
the 3D formulation is intricate, involving a nonlinear coefficient that depends on the
material points.
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Taking the d-scheme as an example, even in 2D, its nonlinearity leads to a complex
update of the stress tensor, as illustrated below:

τ s = ∆tµs
(
Du−∆t∇u∇⊤u

)
−∆tµs

(
∇dn∇⊤u+∇u∇⊤dn

)
+ µsDdn − µs∇dn∇⊤dn.

(64)

Substituting the above expression (64) into (57) and neglecting the second order
term of ∆t yields:∫

Ω

ρ
u− un ◦ Yn

∆t
· δu+

µ

2

∫
Ω

Du : Dδu−
∫
Ω

p∇ · δu−
∫
Ω

δp∇ · u

−∆tµs

∫
Ωs

n+1

(
∇dn∇⊤u+∇u∇⊤dn

)
: ∇δu =

∫
ΓN

h̄ · δu+

∫
Ω

ρg · δu

− µs

2

∫
Ωs

n+1

Ddn : Dδu+ µs

∫
Ωs

n+1

∇dn∇⊤dn : ∇δu,

(65)

where µ = µf1Ωf
n+1

+∆tµs1Ωs
n+1

.

Remark 8. In both equations (54) and (65), there are integrals over the current

domain at t = tn+1, namely Ωf
n+1, Ω

s
n+1 or Ω = Ωf

n+1 ∪ Ωs
n+1. Generally speaking,

Ωn+1 needs be constructed iteratively from Ω
(k)
n+1 with k = 0, 1, 2, . . . and Ω

(0)
n+1 = Ωn.

See [51, 82] for further discussion of this procedure. In practice, one may instead
integrate directly over the domain at t = tn, using a small time step, without loss of
accuracy or stability.

3.4 Summary of the advantages and disadvantages

For all interface-fitted methods, the principal advantage lies in the use of a mesh
that conforms to the interface, which generally ensures high accuracy in the numer-
ical solution. However, this also constitutes a significant disadvantage: generating
interface-fitted meshes for FSI problems is challenging, particularly in cases involv-
ing large solid deformations. Furthermore, additional errors are inevitably introduced
when transferring solutions between meshes during frequent remeshing.

Two-way partitioned/segregated methods (Method 1):

• Advantages: Convenient to implement on the basis of existing fluid and solid codes.
• Disadvantages: Convergence cannot be guaranteed, particularly when there is
frequent energy exchange between the fluid and the solid.

Monolithic ALE methods (Method 2.1):

• Advantages: Widely regarded as more robust FSI methods compared with their
partitioned counterparts.

• Disadvantages: The resulting large discretised linear system is challenging to solve:
An additional Lagrange multiplier is usually required to enforce consistency between
the fluid velocity and the solid displacement at the interface. From the perspective
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of the discretised linear system, the Lagrange multiplier introduces extra unstable
directions (in addition to pressure) to the saddle-point linear system.

One-velocity monolithic method (Method 4):

• Advantages: Naturally monolithic because there is only one velocity at the inter-
face, which automatically satisfies the velocity-consistency condition; involves
fewer degrees of freedom compared with monolithic methods based on Lagrange
multipliers that solve for the solid displacements.

• Disadvantages: It is challenging to express solid constitutive models in terms of
velocity and displacement in the current configuration, especially in three dimen-
sions. Even simple constitutive models formulated in the reference configuration
often lead to complex non-linear formulations in the current configuration [157].

4 Methods using two meshes

The two-mesh methods generally utilise one Eulerian mesh to describe the entire
domain Ω = Ωf

t ∪ Ωs
t and a moving Lagrangian mesh to describe the solid domain

Ωs
t , as shown in Figure 4. The crucial advantage of the two-mesh methods is their

ability to avoid the need for mesh adjustment to fit the fluid-structure interface. How-
ever, a disadvantage arises from the unfitted interface, causing material properties
to be smeared across the interface. Therefore, managing the fluid-structure interface
becomes the primary concern for two-mesh methods: this interface must be treated
carefully to maintain stability and accuracy.

Fig. 4: Schematic diagram of FSI methods using two meshes: the background mesh covering
the entire domain Ω remains fixed, while a foreground mesh discretises the solid domain Ωs

t .
In this scenario, the interface Γt between the fluid and solid, equivalent to the solid boundary,
is not captured by the background mesh.

In two-mesh methods, it is often reasonable to assume an incompressible solid,
given that the fluid is incompressible. This is because ∇ · u = 0 holds in the entire
domain Ω, including the fictitious fluid region covered by the solid domain Ωs

t . A
projection P from Ω to Ωs

t ,
us = P (u) , (66)
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is naturally expected to satisfy ∇ · us = 0, implying an incompressible solid. How-
ever, constructing an exactly divergence-free projection is not straightforward; see, for
example, a recent work [158]. In this section, we use the incompressible neo-Hookean
solid model introduced in Section 2.2 to demonstrate the two-mesh methods.
Remark 9. The background mesh employed for the partitioned [55] (Method 5.2) and
monolithic [72, 73] (Method 6.2) CutFEM methods is the same as the mesh shown
in Figure 4, whereas the foreground mesh exhibits slight variations. In particular, the
solid foreground mesh is extended to include a surrounding artificial fluid region with
a fitted interface. This modification enables the use of a Nitsche-type formulation with
ghost-penalty stabilisation, specifically adapted to this mesh configuration.

4.1 Immersed finite element methods (Method 7)

The immersed finite element methods (IFEM) originated from the Immersed Bound-
ary Method (IBM), first introduced by Peskin [74], and have achieved considerable
success in bioscience and biomedical applications [12, 150]. Variants of the IBM include
the implicit IBM [118, 119], the monolithic IBM [117, 120, 121], and extensions to
immersed interfaces to capture sharp interface behaviour [105, 122–131]. Other devel-
opments include level-set IBMs [107–111], finite element IBMs [95, 97], isogeometric
IBMs [132–134], and immersed boundary–Lattice Boltzmann methods [119, 135–143].

In the classical IFEM, the solid equations are not solved explicitly; instead, the
solid dynamics are incorporated on the right-hand side of the fluid equations as an FSI
force f . These modified fluid equations are then solved in an augmented domain that
contains both the fluid and the fictitious fluid. Following this approach, the momentum
equation of the fluid can be written as:

ρfDtu = ∇ · σ + ρfg + f (u) , (67)

where f is a singular force evaluated from the solid. Equation (67) illustrates that the
essence of IFEM is to solve a modified fluid equation to emulate FSI behaviour. It’s
the singular force f that induces solid-like behaviour to the fictitious fluid. Notably,
the method is more suitable and easier for simulation when dealing with solids and
fluids exhibiting similarities (such as a very soft solid). However, there exist specifically
designed IFEM methods tailored for rigid bodies, which are considered special cases
[159, 160].

IFEM methods solve the fluid equations (67) and (2) in the entire domain Ω =

Ωf
t ∪ Ωs

t . However, the computation of the FSI force can only be performed on the
solid mesh Ωs

t , denoted as fs. Therefore, a function must be defined to appropriately
distribute fs computed on the solid mesh to f , which is applied on the background
mesh. The following functions are commonly used to distribute fs to f and interpolate
the solution velocity u from the background mesh to the solid mesh us, and accumulate
the solid displacement d and further compute fs.

1. Discretised δ function [76–79]:

δh(x) =
1

hd

d∏
i

φ(xi), φ(r) =

{
1
4

[
1 + cos

(
π|r|
2h

)]
, |r| ≤ 2h

0, |r| > 2h
, (68)
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with h being the mesh size (uniform mesh) and r being the distance between a
solid node and the surrounding fluid node.

2. The shape function used in the Reproducing Kernel Particle Method (RKPM)
[54, 75–78] (a type of mesh-free method [161]).

3. The finite element isoparametric interpolation functions [76].

Note that fs can be evaluated in Ωs
t using the following formula [54, 75–78]:

fs = −ρδ∂tu
s +∇ · σs −∇ · σf + ρδg, (69)

with ρδ = ρs − ρf . By employing the finite element method, the corresponding weak
form of (69), for a given test function δd, is:∫

Ωs
t

fs · δd = −
∫
Ωs

t

ρδ∂tu
s · δd−

∫
Ωs

t

σs : ∇δd+

∫
Ωs

t

σf : ∇δd+

∫
Ωs

t

ρδg · δd. (70)

The boundary integrals cancel out due to the boundary condition (6), which
enforces consistency of the normal force. Assuming the solid is incompressible and has
the same pressure as the fictitious fluid, the fluid deviatoric stress τ f is sometimes
neglected (i.e., assuming µf ≪ µs) [78], which is equivalent to assuming that the solid
has the same viscosity as the fluid. The above expression can then be simplified as
follows: ∫

Ωs
t

fs · δd = −
∫
Ωs

t

ρδ∂tu
s · δd−

∫
Ωs

t

τ s : ∇δd+

∫
Ωs

t

ρδg · δd. (71)

Finally, the solution algorithm for the classical IFEM method is summarised in
Algorithm 2 as follows.

Algorithm 2 Immersed Finite Element Method

Given the solid configuration xs
n and the velocity un on the background mesh at time

tn.

1. Compute the FSI force fsn on the solid mesh using equation (71).
2. Distribute fsn to fn on the background mesh.
3. Solve the fluid equations (67) and (2) on the background mesh to obtain

velocity un+1.
4. Interpolate the velocity un+1 to us

n+1 on the solid mesh.
5. Update the solid mesh using us

n+1 and return to Step 1.

4.2 Modified immersed finite element methods (Method 5.1)

In the previous section, it was illustrated that the IFEM method does not directly
solve the solid equation (25). Instead, the solid equation is used to compute the FSI
force, as depicted in formula (71). The Modified Immersed Finite Element Method
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(mIFEM) tackles the solid equation (25) with specific boundary conditions on the
interface Γt and boundary ΓD ∩ Ω

s

t [54]:

d = dn +∆tP (un) on ΓD ∩ Ω
s

t , (72)

and
σs

n+1 · ns = P (σn) · ns on Γt, (73)

where P(·) represents the projection/interpolation from the background mesh to
the solid mesh, choosing from any of the three interpolation strategies discussed in the
previous section. By modifying the algorithm of the IFEM method in Algorithm 2,
we derive the solution algorithm for mIFEM in Algorithm 3.

Algorithm 3 Modified Immersed Finite Element Method

Given the solid configuration xs
n and the velocity un on the background mesh at time

tn.

1. Compute the stress σn using (4), and further compute P(un) and P(σn).
2. Solve the solid equation (25) with boundary conditions (72) and (73) to obtain

solid displacement dn+1.
3. Compute the FSI force fsn+1 on the solid mesh, using equation (71).
4. Distribute fsn+1 to fn+1 on the background mesh.
5. Solve the fluid equations (67) and (2) on the background mesh to get velocity

un+1.
6. Update the solid mesh using dn+1 and go back to Step 1.

The IFEM method relies significantly on the fluid equations, often necessitating a
small time step to obtain an accurate solution. The approximations made within the
method generally do not result in significant errors when the solid behaviour closely
resembles that of the fluid. However, in scenarios where the solid behaviour becomes
more predominant, the velocity obtained from solving the fluid equation might cause
unrealistic solid deformations.

The mIFEM method aims to present more reasonable solid deformations by explic-
itly solving the solid equation. Nonetheless, the boundary conditions for the solid
equation still derive from the values of the previous time step, which remains the same
as the approach in the IFEM method.

4.3 Fictitious domain methods with distributed Lagrange
multiplier (Method 6.1)

There are Fictitious Domain Methods with Distributed Lagrange Multiplier
(FDM/DLM) developed for deformable solids [56–63], as well as for rigid solid bod-
ies [59, 64–69]. These methods might be implicitly fully-coupled, as evident in studies
such as [59, 60, 62, 63], or explicitly split, as observed in references like [57, 64, 66].
For demonstration, we focus on the fully-coupled implicit scheme applicable to general
deformable solids in introducing these FDM/DLM methods [59, 60, 63].
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Similar to the previous presentation of the Monolithic Eulerian method utilising
an interface-fitted mesh in Section 3.3, the FDM/DLM method we discuss here is also
fully-coupled. However, in contrast to the earlier weak formulations (56) and (50),
there exist three significant differences:

• There is no need to solve a mesh equation (50) here since two distinct meshes are
employed: a static Eulerian mesh for the augmented fluid domain Ω and an updated
Lagrangian mesh for the solid domain Ωs

t .
• Due to the definition of solid displacement and background velocity on different
meshes (varied finite element spaces), the velocity must be interpolated to the solid
mesh in order to apply the Lagrange multiplier. We may employ any of the interpo-
lation (or distribution) functions introduced in Section 4.1 for the IFEM methods.
Let P(·) represent interpolation from the background mesh Ω to the solid mesh Ωs

t ,
and P⊤(·) denote distribution from the solid mesh Ωs

t to the background mesh Ω.
• Since solid displacement is also a part of the solution, there exists a consistency
equation (45), which, in contrast to the previous equation (49) integrated on Γt, is
integrated across the entire domain Ωs

t .

For simplicity, we assume that the solid has the same viscosity as the fluid. Readers
seeking a more general case may refer to [63]. The weak form shares the same structure
as (56), but we modify it to integrate solely within the domains Ω and Ωs

t :∫
Ω

ρfDtu · δu+

∫
Ωs

t

ρδDtu · δu+
µf

2

∫
Ω

Du : Dδu

−
∫
Ω

p∇ · δu−
∫
Ω

δp∇ · u+

∫
Ωs

t

τ s : ∇δu

=

∫
Ω

ρfg · δu+

∫
Ωs

t

ρδg · δu+

∫
ΓN

h̄ · δu,

(74)

where ρδ = ρs − ρf . Consider the consistency equation (45), which can be enforced in
variational form by introducing a Lagrange multiplier as follows:∫

Ωs
t

(∂td− P(u)) · δL(x) = 0. (75)

Introducing the Lagrange multiplier, we derive the following three equations based on
the equation (74): ∫

Ω

ρfDtu · δu+
µf

2

∫
Ω

Du : Dδu−
∫
Ω

p∇ · δu

−
∫
Ω

P⊤ (L(x)) · δu =

∫
ΓN

h̄ · δu+

∫
Ω

ρfg · δu,
(76)

−
∫
Ω

δp∇ · u = 0, (77)
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and ∫
Ωs

t

ρδ
∂us

∂t
· δu+ µs

∫
Ωs

t

J−1
(
F⊤F− I

)
: ∇δu

+

∫
Ωs

t

L(x) · δu =

∫
Ωs

t

ρδg · δu,
(78)

by inserting the expression of τ s from (20) into (78). Let δd = ∆tδu (x (X, t)),
equation (78) may be expressed, by integral transformation, as:∫

Ωs
0

ρδ
∂2d

∂t2
· δd
∆t

+ µs

∫
Ωs

0

F : ∇X
δd

∆t
− µs

∫
Ωs

t

J−1∇ · δd
∆t

+

∫
Ωs

0

L (x (X, t)) · δd
∆t

=

∫
Ωs

0

ρδg · δd
∆t

.

(79)

Notice that by introducing ∆t in the above, we can obtain a symmetric linear system.
From the perspective of virtual work or variations, δd and ∆tδu have the same physical
units.
Remark 10. In the continuous case, the projection (or interpolation) P can be inter-
preted as an identity when restricted to domain Ωs

t , i.e., ∀u ∈ Ω, P (u) = u|Ωs
t
= us.

Regarding the distribution P⊤, ∀L ∈ Ωs
t (where L can be interpreted as a force vector

defined in domain Ωs
t ), P⊤ (L)

∣∣
Ωs

t
= L and P⊤ (L)

∣∣
Ωf

t
= 0. It’s important to note that

the sum of the three equations (76), (77), and (79) results in equation (74).
Using the Characteristic-Galerkin time discretisation scheme discussed from (51)

to (53) in Section 3.2, with the mesh velocity being w = us
n, we derive the following

weak form based on equations (75) to (79).∫
Ω

ρf
u− un ◦ Yn

∆t
· δu+

µf

2

∫
Ω

Du : Dδu

−
∫
Ω

p∇ · δu−
∫
Ω

δp∇ · u+
ρδ

∆t

∫
Ωs

0

d− 2dn + dn−1

∆t2
· δd

+
µs

∆t

∫
Ωs

0

F : ∇Xδd+
1

∆t

∫
Ωs

0

L (x (X, t)) · δd−
∫
Ωs

n+1

P⊤ (L(x)) · δu

− µs

∆t

∫
Ωs

n+1

J−1∇ · δu+

∫
Ωs

0

d− dn

∆t
· δL (x (X, t))−

∫
Ωs

n+1

P(u) · δL(x)

=

∫
ΓN

h̄ · δu+

∫
Ω

ρfg · δu+
1

∆t

∫
Ωs

0

ρδg · δd.

(80)
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The above equation (80) leads to a linear system as follows:
F11 F12 B1 0 0
F⊤

12 F22 B2 0 PC1

B⊤
1 B⊤

2 0 0 0
0 0 0 S C2

0 C⊤
1 P

⊤ 0 C⊤
2 0



uf

us

p
d
L

 =


f1
f2
0
gs

0

 . (81)

In the above, uf includes the velocity components in domain Ωf
t , and us represents

the remaining velocity components, which may also encompass some components in
domain Ωf

t because the interface is not fitted. d denotes the solid displacement in

domain Ωs
t . Matrices

[
F11 F12

F⊤
12 F22

]
and S represent the discretisation of fluid velocity

integrals and solid displacement integrals, respectively, encompassing mass matrices

and stiffness matrices. The matrix

(
B1

B2

)
indicates the coupling between fluid velocity

and pressure. Matrix PC1 arises from the coupling between the fictitious fluid velocity
us and the Lagrange multiplier L. Matrix C2 arises from the coupling between the
solid displacement d and the Lagrange multiplier L. Note that the matrix P represents
a discretisation of the interpolation function P(·).

4.4 One-velocity fictitious domain method (Method 8)

In the one-velocity fictitious domain method, the solid displacement d is expressed
as a function of velocity us in the foreground solid domain, which should align with
the velocity u of the fictitious fluid in the background domain. The need for utilising
the Lagrange multiplier to enforce this consistency is not necessary. Instead, the inter-
polation us = P(u) directly ensures this consistency. Similar to the FDM/DLM, we
assume the solid possesses the same viscosity as the fluid, although a general viscosity
term may be introduced into the constitutive equation of the solid [81, 82]. The weak
form of this one-velocity FDM method remains identical to (74). By substituting the
incompressible neo-Hookean solid model (20) into (74), we obtain:∫

Ω

ρfDtu · δu+

∫
Ωs

t

ρδDtu · δu+
µf

2

∫
Ω

Du : Dδu

−
∫
Ω

p∇ · δu−
∫
Ω

δp∇ · u+ µs

∫
Ωs

t

J−1
(
FF⊤ − I

)
: ∇δu

=

∫
Ω

ρfg · δu+

∫
Ωs

t

ρδg · δu+

∫
ΓN

h̄ · δu.

(82)

Here, we use the F-scheme, as discussed in Section 3.3, to illustrate the one-velocity
method. However, alternatives such as the τ -scheme (61) or the d-scheme (62) in 2D
and (63) in 3D could be employed similarly. Hence, we conduct the following integral
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transforms: ∫
Ωs

t

J−1FF⊤ : ∇δu =

∫
Ωs

t

J−1F : (∇δuF) =

∫
Ωs

0

F : (∇Xδu) , (83)

and ∫
Ωs

t

ρδg · δu =

∫
Ωs

t

J−1ρδ0g · δu =

∫
Ωs

0

ρδ0g · δu, (84)

where ρδ0 = ρs0 − ρf0 . Since both the fluid and solid are incompressible, maintaining a
constant density across the domain for all the time, there’s no practical necessity to
differentiate between ρs0 (or ρf0 ) and ρs (or ρf ). However, in the case of a numerical
scheme unable to precisely ensure incompressibility (J = 1), the adoption of the
integral within the reference domain is more accurate.

After time discretisation, the solid’s coordinates can be updated using xn+1 =
xn + ∆tun+1. Consequently, the update for F becomes Fn+1 = Fn + ∆t∇Xun+1,
thereby ∫

Ωs
0

Fn+1 : ∇Xδu =

∫
Ωs

0

Fn : ∇Xδu+∆t

∫
Ωs

0

∇Xun+1 : ∇Xδu. (85)

Substituting equations (83), (84), and (85) into equation (82), and employing the
Characteristic-Galerkin time discretisation scheme from (51) to (53) with the mesh
velocity being w = us

n, yields the following weak form after time discretisation:

∫
Ω

ρf
u− un ◦ Yn

∆t
· δu+

µf

2

∫
Ω

Du : Dδu−
∫
Ω

p∇ · δu−
∫
Ω

δp∇ · u

+

∫
Ωs

0

ρδ
u− un

∆t
· δu+∆t

∫
Ωs

0

µs∇Xu : ∇Xδu =

∫
Ωs

n+1

µsJ−1∇ · δu

−
∫
Ωs

0

µsFn∇Xδu+

∫
Ω

ρfg · δu+

∫
Ωs

0

ρδg · δu+

∫
ΓN

h̄ · δu.

(86)

After spatial discretisation, the following linear system of equations can be
obtained: [

A B
B⊤ 0

](
u
p

)
=

(
b
0

)
, (87)

where
A = M/∆t+K+P⊤ (Ms/∆t+Ks)P, (88)

and
b = f +P⊤fs +Mun/∆t+P⊤MsDun/∆t. (89)

In the above, M and K represent the mass and stiffness matrices, respectively, assem-
bled from the background fluid mesh, while Ms and Ks denote the mass and stiffness
matrices, respectively, assembled from the foreground solid mesh. f and fs are the
force vectors derived from the right-hand side of equation (86) and assembled from
the background fluid mesh and the foreground solid mesh, respectively.
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4.5 Summary of the advantages and disadvantages

For methods using two meshes, the main advantage is their convenience in dealing
with FSI problems involving large solid deformations. The disadvantage is that the
interface between the fluid and the solid is not clearly captured, which may lead to
low accuracy or stability issues – a rigorous stability analysis is challenging within the
framework of classical finite element methods.
IFEM (Method 7):

• Advantages: Because all the solid information is modelled as a singular force term
on the right-hand side of the fluid equation, it is easy to implement based on existing
fluid codes (either finite element or finite difference). The method generally works
well when the solids behave similarly to the fluids, such as very soft solids.

• Disadvantages: It is challenging to apply the method to general FSI problems, such
as when the densities of the fluid and solid differ significantly (see Remark 11)
and/or when the solid behaves very differently from the fluid.

Modified IFEM (Method 5.1):

• Advantages:To some extent, it retains the advantages of the classical IFEM men-
tioned above, with the exception of an additional step required to solve the solid
equation.

• Disadvantages: The boundary condition of the solid equation is difficult to prescribe
accurately.

FDM/DLM (Method 6.1):

• Advantages: This method does not require explicit tracking of the solid motion, yet
it remains capable of handling FSI problems involving large solid deformation or
displacement (see Fig. 11 in Section 6.2).

• Disadvantages: It requires the solution of a large system of equations involving the
solid displacement, fluid velocity and pressure, as well as a Lagrange multiplier field
on the solid domain. It also requires the construction of a mapping between the
reference and current solid configurations in order to compute the integrals.

One-velocity FDM (Method 8):

• Advantages: This method can be viewed as a combination of IFEM and FDM/DLM:
it moves as much of the solid information as possible to the left-hand side of the
equations, and uses interpolation to link the two meshes instead of a Lagrange
multiplier. It is designed to handle general FSI problems with a broad range of solid
parameters, and it requires solving only one velocity and pressure field across the
whole FSI domain.

• Disadvantages: Rigorous stability analysis is challenging.
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5 Methods using one mesh without interface fitting

A single Eulerian mesh without interface fitting is widely used to solve multi-phase
flow problems [162–167]. When applying such a purely Eulerian approach to fluid–
structure interaction, as illustrated in Figure 5, [109] employs the level set method to
capture the fluid–structure interface, together with a Lagrange multiplier and penalty
method to achieve fluid–solid coupling. In [44, 84, 87, 89, 90], an Initial Points (IP)
set is used to track the interface, and the unknown variables are extended to the
whole domain using a characteristic function, allowing the system to be solved in a
monolithic manner. A recent variant of the CutFEMmethods [91] solves a fully coupled
monolithic system on a single mesh, with local cutting of elements for integration.
Furthermore, [112, 113] introduces a phase variable to track the fluid–solid interface
and derives the governing equations from the total free energy.

Immersed boundary methods (IBMs) also fall into this category of employing a sin-
gle mesh without interface fitting. Most classical IBMs are based on structural meshes,
including curvilinear grids [99]. A recent variant is the finite element immersed bound-
ary Method [62, 168], in which the fluid mesh is not restricted to be structured. We do
not review IBMs in detail here, as it is closely related to the immersed finite element
method presented in Section 4.1. Moreover, it is a well-established methodology, and
two recent review papers already provide comprehensive coverage of this topic [2, 3].

Fig. 5: Schematic diagram for a mesh without interface fitting, Ω = Ωf
t ∪ Ωs

t ,
∂Ω = ΓD ∪ ΓN .

5.1 Fully Eulerian formulation (Method 9.1)

The finite element weak form for this method resembles the monolithic Eulerian for-
mulation (56). However, a key distinction lies in the absence of discrete fluid or solid
subdomains. Consequently, direct integration on the fluid or solid mesh is not feasi-
ble. The notation 1Ωf

t
or 1Ωs

t
holds a different significance at the discrete level because

the interface has not been tracked: the IP set is utilised to capture the fluid and solid
regions [84]. Introducing an alternative notation for the indicator function explicitly
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clarifies the interpretation of the IP set method:

χf (x) =

{
1, x− d ∈ Ωf

0 \ Γt

0, x− d ∈ Ωs
0

, χs(x) = 1− χf (x), (90)

Let ρ = χfρf + χsρs and τ = χfτ f + χsτ s, the weak form can then be expressed:∫
Ω

ρDtu · δu−
∫
Ω

p∇ · δu−
∫
Ω

δp∇ · u

+

∫
Ω

χf µ
f

2
Du : Dδu+ χsµsJ−1

(
F⊤F− I

)
: ∇δu

=

∫
ΓN

h̄ · δu+ ρ

∫
Ω

g · δu.

(91)

In the spirit of a fully Eulerian formulation, the deformation tensor may be
expressed, in the current configuration, as:

F = ∇Xd+ I = ∇dF+ I ⇒ F = (I−∇d)−1. (92)

The displacement d is now defined in the whole domain Ω = Ωf
t ∪ Ωs

t , which is a
smooth extension of the solid displacement d in Ωs

t as shown in Figure 5. Dt(d1Ωs
t
) =

us, but Dt(d1Ωf
t
) ̸= uf generally. Let

Dtd = ∂td+ (v · ∇)d = v, (93)

then the extension is defined by velocity v as follows (harmonic continuation of the
solid velocity): ∫

Ω

χs (us − v) · δv + αu

∫
Ω

χf∇v : ∇δv = 0, (94)

where αu is a small positive constant. Usually choosing αu = α0
uh

2 and αp = α0
ph,

where h is the local mesh size with α0
u = α0

p ∼ 0.01 [87].
This fully Eulerian formulation appears elegant; however, the challenge lies in

accurately performing the integration. Adaptive local mesh refinement may be required
for precise quadrature. Additionally, it necessitates solving for the enlarged velocity u
and displacement d fields, along with an additional velocity field v.

5.2 CutFEM (Method 9.2)

There are different versions of CutFEM-based methods, as shown in Table 1. Here,
we first explain the idea of CutFEM using the one-velocity-field formulation (56): For
meshes that do not fit the interface, as shown in Figure 5, one question is how to
compute the integrals over Ωs

t and Ωf
t after spatial discretisation.

The idea of CutFEM is to cut the local elements near the interface into smaller
cells, as illustrated by the red triangles in Figure 6 (a zoomed-in view of Figure 5), and
then compute the integrals over these small cells. Note that the shape functions are
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also cut (i.e. projected onto the cut elements). Consequent problems arise from cutting
local elements: the cut triangles may be very small, leading to a poorly conditioned
matrix system or to stability issues.

Fig. 6: Mesh Ωh, which is a discretisation of Ω, without fitting the fluid-solid interface Γt.

We now introduce the idea of stabilisation in CutFEM methods based on the fully
Eulerian formulation in [91, 169], solving for the fluid velocity uf and pressure p, and
the solid velocity us and displacement d. The weak form for the fluid is given by (26)
and (27), with w = 0 for a fully Eulerian setting:∫

Ωf
t

ρf∂tu
f · δuf +

∫
Ωf

t

ρf
(
uf · ∇

)
uf · δuf −

∫
Ωf

t

δp∇uf

=

∫
Γt

(
σf · nf

)
· δuf +

∫
ΓN

h̄ · δuf −
∫
Ωf

t

σf : ∇δuf +

∫
Ωf

t

ρfg · δuf ,

(95)

The weak form for the solid is similar to (31), but we now solve for us and perform
the integration in the current configuration, with an additional convection term:∫

Ωs
t

ρs∂tu
s · δus +

∫
Ωs

t

ρs (us · ∇)us · δus +

∫
Ωs

t

σs : ∇δus

=

∫
Γt

(σs · ns) · δus +

∫
Ωs

t

ρsg · δus,

(96)

together with equation (93) for the solid displacement, written in its weak form:∫
Ωs

t

∂td · δd+

∫
Ωs

t

(us · ∇)d · δd =

∫
Ωs

t

us · δd. (97)

The stabilisation involves the use of Nitsche’s method [169, 170] to weakly enforce
the interface conditions (5) and (6), together with the so-called ghost penalty terms
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defined on the interface elements – the shaded elements in Figure 6. This results in a
final monolithic formulation, obtained by rearranging (95), (96) and (97) together as:∫

Ωf
t

ρf∂tu
f · δuf +

∫
Ωf

t

ρf
(
uf · ∇

)
uf · δuf +

∫
Ωf

t

σf : ∇δuf −
∫
Ωf

t

δp∇uf

+

∫
Ωs

t

ρs∂tu
s · δus +

∫
Ωs

t

ρs (us · ∇)us · δus +

∫
Ωs

t

σs : ∇δus

−
∫
Γt

(
σf
(
uf , p

)
· nf

)
·
(
δuf − δus

)
−
∫
Γt

(
σf
(
δuf ,−δp

)
· nf

)
·
(
uf − us

)
+

∫
Γt

αµfh−1
(
uf − us

)
·
(
δuf − δus

)
+

∫
Ωf

t

βµfh−2∇p · ∇δp

+

∫
Ωs

t

(∂td+ (us · ∇)d− us) · δd+ gh(u
f ,us,d, p; δuf , δus, δd, δp)

=

∫
ΓN

h̄ · δuf +

∫
Ωf

t

ρfg · δuf +

∫
Ωs

t

ρsg · δus.

(98)

In the above, the term with coefficient α is the penalty term arising from the use
of Nitsche’s method to impose the interface conditions, and the term with coefficient
β provides pressure stabilisation, where h is the maximal mesh size. The quantity gh
represents all ghost penalty terms, introduced to enhance robustness of the discretised
matrix system; these are defined on the locally cut elements around the interface,
denoted by Gh, as shown by the shaded elements in Figure 6. Let FG be the set of
faces associated with Gh. This means that for every face F ∈ FG, there exist elements
K and K ′ such that F = K ∩ K ′, with at least one of them belonging to Gh. The
ghost penalty gh is given by

gh =
∑

F∈FG

∫
F

(
3∑

i=1

γiJ∂̃nviK · J∂̃nδviK + γ4J∂̃npK · J∂̃nδpK

)
. (99)

where v0 = d, v1 = uf , v2 = us, and γi (i = 1, 2, 3) are penalty parame-
ters depending on the local mesh size in the region Gh (see [112, 113] for details).
J∂̃n(·)K = nF · ∇(·)|K−nF · ∇(·)|K′ denotes the jump of the normal gradient operator.

5.3 Phase-field methods (Method 11)

As commonly adopted in the literature on phase-field methods for multi-phase fluids, a
phase variable 0 ≤ ϕ(x, t) ≤ 1 is introduced to regularise the coefficients and variables
in this type of FSI methods. This phase variable resembles the characteristic function
mentioned in (90). Instead of employing the IP set or level-set method, it solves an
additional phase equation to track the fluid-solid interface, such as the Allen–Cahn
type phase-field equation [112], expressed in its weak form as:∫

Ω

Dtϕδϕ =

∫
Ω

(∂tϕ+ u · ∇ϕ) δϕ = −δF (ϕ, ξ; δϕ), (100)
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with

F (ϕ, ξ) =

∫
Ω

β

2
|∇ϕ|2 + γW (ϕ)− ξ(

∫
Ω

ϕ− C) (101)

being the free energy, where W (ϕ) = (ϕ − 1)2ϕ2 represents the Ginzburg–Landau
double-well potential, and C is a constant representing the area or volume of the solid.
The parameters β and γ regulate the interface; a larger β smoothens the interface,
while a larger γ sharpens it. Additionally, we introduce a Lagrange multiplier ξ in
(101) to enforce the following equation, ensuring the conservation of the entire volume:∫

Ω

Dtϕ =

∫
Ω

(∂tϕ+ u · ∇ϕ) = 0. (102)

Note that the aforementioned equation (102) does not conflict with the phase
equation (100). Since ξ is a scalar, the corresponding weak form of (102) is

−δF (ϕ, ξ; δξ) = δξ

∫
Ω

(∂tϕ+ u · ∇ϕ) = 0, (103)

Let ϕ = 1Ωs
t
, ρ = ϕρs + (1 − ϕ)ρf , and u = ϕus + (1 − ϕ)uf . Similar to equation

(91), but utilising the d-scheme (62), a phase-field formulation for FSI problems may
be expressed as follows [112, 113].∫

Ω

ρDtu · δu−
∫
Ω

p∇ · δu−
∫
Ω

δp∇ · u

+

∫
Ω

(1− ϕ)
µf

2
Du : Dδu+ ϕµs

(
Du−∇⊤u∇u

)
: ∇δu

+ η

∫
Ω

(∇ϕ⊗∇ϕ) : ∇u =

∫
ΓN

h̄ · δu+

∫
Ω

ρg · δu,

(104)

where η is the surface tension parameter. It can be seen that the phase equation and
FSI equations are coupled with each other. The primary challenge faced by phase-field
methods lies in accurately capturing the fluid-solid interface as time progresses.

5.4 Summary of the advantages and disadvantages

The advantage of using a single mesh without interface fitting lies in the convenience
of employing only one mesh to model the entire FSI problem. The disadvantage is
that one has to capture the interface based on an additional algorithm.
Fully Eulerian formulation (Method 9.1):

• Advantages: Elegant mathematical formulations.
• Disadvantages: Challenging to compute the integrals; adaptive local mesh refine-
ment may be required.

CutFEM methods (Method 9.2):

• Advantages: Stability analysis is available.
• Disadvantages: The implementation is challenging.
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Phase-field methods (Method 11):

• Advantages: Elegant mathematical formulations.
• Disadvantages: Local mesh refinement may be required to increase the accuracy (see
numerical tests in Sections 6.2 and 6.3).

6 Numerical examples

In this section, we compare six numerical methods, mainly monolithic methods, based
on three FSI benchmarks. All tests are implemented in FreeFEM++ [171], and the
corresponding code and animations are available in the public GitHub repository:
https://yongxingwang.github.io/fsiReview/.

6.1 Oscillating flag

This FSI example was originally proposed in [172], and has since been widely used to
compare or validate numerical methods within the FSI community. We employ it to
compare the one-velocity FDM (Method 8), the one-velocity monolithic ALE method
(Method 4), and the monolithic ALE approach using a Lagrange multiplier at the
interface (Method 2.1).

The computational domain is a rectangle (L×H) with a circular hole of radius r,
centred at (c, c), as shown in Fig. 7. The geometric parameters are: L = 2.5, H = 0.41,
l = 0.35, h = 0.02, c = 0.2, and r = 0.05. The fluid and solid parameters are:
ρf = ρs = 103, µf = 1, and c1 = 2.0× 106. The inlet flow is prescribed as:

ux =
12y

H2
(H − y) , uy = 0. (105)

Fig. 7: Computational domain and boundary conditions for the oscillating flag.

We compare the three methods using the same mesh of 6207 triangles with 3025
vertices for both fluid and solid domains, as can be seen in Fig. 8. For the one-velocity
FDM method, an additional solid mesh with 425 triangles and 213 vertices is adopted.
A converged time step of ∆t = 10−3 is used for all the three tests – converged time
in the sense that both the frequency and magnitude of the oscillation at the tip of
the flag would not change if the time steps are further reduced. As shown in Fig. 8
and 9, all the methods produce similar oscillation panterns: almost identical periods
of oscillation (5.3 × 10−3s) although the magnitudes are slightly different. Here we
focus on the comparison of three methods using the same mesh. Readers may refer to
[53] for the test of mesh convergence.
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Fig. 8: Horizontal velocity at t = 6 for three methods, from top to bottom: the
one-velocity FDM (Method 8), the one-velocity monlithic ALE method (Method 4) and the

Monolithic ALE via a Lagrange multiplier at the interface (Method 2.1).

Fig. 9: Vertical displacement at the tip of the flag for different methods.

Among these three methods, the one-velocity monolithic ALE method (Method 4)
outperforms the other two in terms of accuracy and efficiency, as it solves fewer degrees
of freedom based on an interface-fitted mesh. Although we did not test mesh conver-
gence, when using the same mesh, the magnitude of oscillation for the one-velocity
monolithic ALE method is closer to 0.00148±0.03438, as originally proposed in [172].
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6.2 Falling disc

This example is widely used in the FSI community to validate numerical results against
empirical formula. The computational domain is a vertical channel with a rigid disc
placed at the top, as illustrated in Fig. 10, where W = 2, H = 4, h = 0.5, and
R = 0.25. In this test, ρf = 1, ρs = 1.2, µf = 0.1, and the gravitational acceleration
is g = 981. The fluid velocity is fixed at zero on all boundaries except the top, where
the normal stress is set to zero.

Fig. 10: Computational domain for the falling disc.

The disc falls under gravity and gradually reaches a constant velocity. An empirical
formula for this terminal velocity is given by [160, 173]:

U =
(ρs − ρf )gR2

4µf

[
ln

(
W

2R

)
− 0.9157 + 1.7244

(
2R

W

)2

− 1.7302

(
2R

W

)4
]
. (106)

We compare four numerical methods: the one-velocity monolithic method with
remeshing (Method 4), the one-velocity FDM (Method 8), the FDM with a distributed
Lagrange multiplier (Method 6.1), and the phase-field method (Method 11). The test
is performed on a relatively coarse mesh – 40 segments along the boundary of the solid
disc, as shown in Fig. 11, where the vertical velocity field is plotted on the current
mesh.

For both FDM-based methods, namely the one-velocity FDM and the FDM/DLM,
a separate solid mesh is required for the simulation. The difference between them is
that the former updates the solid mesh during the computation, whereas the latter
only requires a reference solid mesh. This feature represents the main advantage of
the FDM/DLM approach. Its disadvantage, however, lies in the implementation of
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the Lagrange multiplier term in equation (80), which requires a mapping between the
reference and current configurations.

For the phase-field method, it is not necessary to solve the phase equation (100)
for this problem, as the disc is rigid. Instead, the phase can be prescribed as

ϕ =
1

1 + eϵd
, d =

√
(x− xc)2 + (y − yc)2 −R, (107)

where ϵ is a parameter controlling the width of the interface, and (xc, yc) denotes the
centre of the disc, which is updated during the simulation.

The evolution of the vertical velocity at the centre of the solid is shown in Fig. 12.
It can be observed that all results agree well with the empirical formula, except for the
one obtained using the phase-field method, which shows a noticeable discrepancy. The
simulation was then repeated using finer meshes, which resolved this inconsistency, as
illustrated in Fig. 13. It should be noted that a very fine mesh, together with a narrow
interface (achieved by choosing a large value of ϵ in (107)), is required to obtain the
same level of accuracy as the other methods.

From Fig. 12, it can be observed that all the methods, except the phase-field
method, exhibit a zigzag feature when the disc reaches its maximum speed. This
behaviour is caused by interpolation errors. For the one-velocity monolithic method,
although a single mesh is used, the remeshing process introduces this zigzag oscillation.
For the other two methods, since two meshes are employed, interpolation is intrinsically
involved.

6.3 Oscillating disc

This test considers a solid disc in an enclosed flow (n ·u = 0) within a square domain
Ω = [0, 1]× [0, 1], subject to periodic boundary conditions. The radius of the solid disc
is 0.2, and it is located at the centre of the square. The solid begins to oscillate due
to an initial velocity profile prescribed throughout the entire domain Ω. The velocity
profile is defined by the following stream function:

Ψ(x, y) = Ψ0 sin(ax) sin(by), (108)

where Ψ0 = 0.05 and a = b = 2π. In this test, ρf = 1, µf = 0.01, ρs = 1, and c1 =
1. We compare three methods: the one-velocity monolithic method with remeshing
(Method 4), the immersed finite element method (IFEM, Method 7), and the phase-
field method (Method 11), using meshes of similar size. The results obtained from the
three methods are very similar, as shown in Fig. 14.

We examine mass conservation by plotting the area of the solid in Fig. 15, from
which it can be seen that all three methods conserve mass well. However, the phase-
field method performs slightly better, even though the initialisation of the phase does
not conserve mass exactly, as shown in Fig. 15. This improvement arises because
the Lagrange multiplier approach is employed in the free energy functional (101) to
directly enforce mass conservation in the phase-field model. Note that the results of
the phase-field model are sensitive to the regularisation parameters β and γ in (101).
In our test, we set β = 0.005 and γ = 300.
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Fig. 11: Vertical velocity at t = 1 for four different methods, arranged from left to right
and top to bottom: the one-velocity monolithic ALE method with remeshing (Method 4),
the one-velocity FDM (Method 8), the FDM/DLM (Method 6.1), and the phase-field

method (Method 11).

Remark 11. We also tested a more challenging case in which the density exhibits a
jump across the fluid–solid interface: ρs = 2 and ρf = 1. The IFEM fails to simu-
late this problem, whereas the one-velocity FDM successfully handles it. Although the

38



Fig. 12: Vertical velocity at the centre of the disc for different methods.

Fig. 13: Vertical velocity at the centre of the disc for three different meshes using the
phase-field method. The parameter ϵ (which controls the width of the interface) in (107) is

set to 100, 500, and 800 for the coarse, medium, and fine meshes, respectively.

results are not presented here, the FreeFEM script and the corresponding animations
are available in the public GitHub repository: https://yongxingwang.github.io/.

7 Applications and implementations of FSI methods

We consider three levels of application for the FSI methods reviewed in this arti-
cle: methods that are mature and have been implemented and widely used through
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Fig. 14: Comparison among three methods when the solid is maximally deformed in the x
and y directions. Top panel: Solid boundary (white), using IFEM, plotted over the velocity
magnitude using the one-velocity monolithic method with remeshing (Method 4). Bottom

panel: Solid boundary (green), using IFEM, plotted over the phase field using the
Phase-field method (Method 11).

commercial software; methods that have been implemented and used mainly within
academic groups via open-source libraries; and methods that have been proposed in
academic articles and implemented only by their authors. Based on the available lit-
erature, It appears that the classical partitioned methods (Method 1), the monolithic
Method 2.1, and IFEM are among the few that have reached the level of real-world
application. Other FSI methods have been presented primarily in the literature and
may have potential applications in specific areas, but they remain at an academic level.

Classical interface-fitted partitioned methods (Method 1) have been implemented
in commercial software such as ANSYS Fluids and COMSOL, and have been used to
solve a wide range of problems, from low-Reynolds micro-biomechanics [174–178] to
high-Reynolds blood flow [179–182] and aerodynamics [183–188]. The monolithic ALE
method (Method 2.1) has also recently been implemented in COMSOL [189, 190].
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Fig. 15: The evolution of the solid’s area, where A0 denotes the initial area and A denotes
the area at time t.

Immersed methods (Methods 7 and 10) have been widely applied to biological
systems [3, 102, 191, 192], the modelling of composite materials [193, 194], simulations
of plasma–material interactions [195, 196], the modelling of wave propagation [197,
198], turbulence simulations [199–201], and other areas.

There are many open-source libraries that are well suited to the implementation
of particular methods based on their features. For example, FreeFEM++ [171], which
uses triangles in 2D and tetrahedra in 3D, is convenient for implementing a wide range
of FSI methods. The partitioned method (Method 1) has been used for FSI shape
optimisation [202–204]; several monolithic FSI methods have been implemented in
FreeFEM++, including Method 4 [51], Method 5 [81], Method 6.1 [121], as well as the six
methods presented in this article (see numerical example in Section 6). The monolithic
ALE method (Method 2.1) has been implemented in oomph-lib and applied to internal
physiological flows [205, 206]. Fully Eulerian methods (Method 9) and the locally
modified FEM (Method 2.2) have been implemented in deal.II [45, 207].

There is a dedicated CutFEM library [208] designed to facilitate the implementa-
tion of CutFEM. Applications of CutFEM include shape optimisation [209, 210], the
simulation of composites [211], and laser manufacturing [212]. Phase-field methods
have shown potential for applications in biomechanics [114].

8 Conclusion

In this work, we have provided a detailed and structured review of numerical meth-
ods developed for solving Fluid-Structure Interaction (FSI) problems, with a primary
emphasis on finite element-based techniques and a comparative acknowledgment of
finite difference methods. Our classification scheme, grounded on three fundamental
criteria – mesh type, coupling strategy, and variables solved – enables a systematic
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categorisation of FSI methods and offers a unified framework for comparing their
characteristics, strengths, and limitations.

Classical partitioned methods, although historically foundational and relatively
easy to implement, continue to face challenges in stability and convergence, espe-
cially in strongly coupled regimes. Monolithic approaches, particularly those based on
Arbitrary Lagrangian-Eulerian (ALE) and more recent developments such as locally
modified FEM and CutFEM, offer improved robustness, especially for problems involv-
ing large deformations. Furthermore, methods that avoid interface-fitted meshes –
such as the fully Eulerian, cutFEM, and immersed finite element methods – enhance
computational adaptability to complex geometries.

The formulation of weak forms for each method, and their linearisation via New-
ton’s method at the continuous level, offers a pathway for consistent implementation
across general-purpose finite element platforms. Despite the diversity of techniques,
this unified formulation framework helps bridge their theoretical underpinnings with
practical numerical implementation.

The growing need for high-fidelity simulations in biomechanics, aerospace, and
industrial processes underscores the importance of hybrid methods that combine the
stability of monolithic schemes with the geometric flexibility of unfitted or immersed
methods. Moreover, increased attention to computational efficiency, adaptivity, and
software interoperability will continue to guide the evolution of FSI solvers. This review
serves as both a reference and a guide for future research in developing and applying
robust numerical strategies for FSI problems.

Appendix A Gateaux variation

Definition 1. The first order Gateaux variation of a functional F(d) in the direction
h is defined by [12, 154]

δF(d;h) =
d

dϵ
F (d+ ϵh)

∣∣∣∣
ϵ=0

, (A1)

and the second order Gateaux variation of a functional F(d) in the direction h1 and
h2 is defined by [154, Page 157]

δ2F(d;h1,h2) =
∂2

∂ϵ1∂ϵ2
F (d+ ϵ1h1 + ϵ2h2)

∣∣∣∣
ϵ1=ϵ2=0

. (A2)

If F(d) is a vector or matrix the above derivative d
dϵ or ∂2

∂ϵ1∂ϵ2
is taken based on

components.
The following properties of Gateaux variation are straightforward to obtain from

the above definition.

1. For two arbitrary functionals F(·) and G(·):

δ (FG) = (δF)G + F (δG) . (A3)
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2. For a linear functional L(·) and an arbitrary functional F(·):

δ (L ◦ F) = L ◦ δF . (A4)

3. For the linear functional L(d) = d, taking the first order variation in direction h
and taking the second order variation in any two directions:

δL = δd = h, δ2L = δ2d = 0. (A5)

4. For a constant functional F(d) = c:

δF = 0. (A6)

5. For a functional F(·) and two directions h1 and h2:

δ2F(d;h1,h2) =
d

dϵ
δF (d+ ϵh1;h2)

∣∣∣∣
ϵ=0

. (A7)

In this paper, we omit the direction of a variation which refers to an arbitrary
direction δd, i.e.: δF (d) = δF(d; δd), or δ2F (d) = δ2F(d; δd, δd). We may further
omit the independent variable d if it is not a specified point (such as d0, d̄ or d̃).
This is consistent with the differentiation of a scalar function f (x): df = f ′dx or
d2f = f ′′dx2. The terminology arbitrary δd is also consistent with the finite element
arbitrary test function.
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